Magnetic fingerprints on the spectra of an electron in a parabolic quantum dot (QD) with negatively charged ion, and of two electrons in such a dot, are investigated via a new pseudoperturbative methodical proposal. Compared to those obtained by Zhu et al.[6], via a series solution, the results are found in excellent accord. Higher excitedstates are also reported.
Introduction
Fingerprints of a magnetic field applied to few electrons quantum dots (QDs) reveal various spectral properties. QDs are essentially quasi -zero -dimensional structured little islands, populated by two -dimensional ( flatland) electrons laterally confined by an artificial potential [1, 2] . Recent intensive experimental and theoretical investigations have been carried out to explore various spectral properties of QDs. Yet such studies are in their infancy and still expanding rapidly [1] [2] [3] [4] [5] [6] [7] . The ion -electron and electron -electron interactions, in such structures, are shown to be of great importance [6, [8] [9] [10] [11] .
There has been, in the last few years, an increasing interest in the study of two -electron QDs in a magnetic field [6, [12] [13] [14] [15] . The spectra of such systems are determined by two competing interactions: the Coulomb and the confinement interactions. Experimentally, it has been found that a magnetic field induces transitions between the ground and excited states in semiconductor QDs containing few electrons [10] .
Among the several eligible and reliable methods for solving the multielectron problem in QDs exist: exact numerical diagonalization [2, 16] , numerical simulations based on quantum Monte Carlo techniques [17] , HartreeFock calculations [16, [18] [19] [20] , a series solution based on asymptotically physical grounds of the wave functions in the regions 0 < r and r < ∞ [6, 21] , etc. There have been, to the best of our knowledge, no reports other than Zhu et al.'s [6] related to the "exact" solutions of two electrons in QDs in a magnetic field and revealing the field effects on the spectra, including highly excited states. It is therefore interesting to carry out systematic studies of the electronic structures in QDs populated by two electrons with and without magnetic fields.
Recently, we have introduced a pseudoperturbative ( artificial in nature)
shifted -l ( l is the angular momentum quantum number) expansion tech-nique ( PSLET) to solve Schrödinger equation for states with arbitrary number of nodal zeros. It simply consists of using 1/l as a pseudoperturbation parameter, wherel = l − β and β is a suitable shift. Our analytical, or often semianalytical, methodical proposal PSLET has been successfully applied to some methodically challenging and physically interesting models including:
quasi -relativistic harmonic oscillator, D -dimensional spiked harmonic and anharmonic oscillators, etc [22] [23] [24] [25] [26] [27] .
Encouraged by its very satisfactory performance ( documented in [22] [23] [24] [25] [26] [27] through comparisons with direct numerical integration, quasi perturbative, variational, Hill determinant, etc, methods), we use PSLET recipe, in section 2, and study the spectral properties of an electron in a parabolic QD with a negatively charged ion ( impurity), and two electrons in such a QD with and without the magnetic field. In section 3 we compare our results with the ones obtained by Zhu et al. [6] , via a series solution, and report on other states that have not been considered before, to the best of our knowledge. We also show, in the same section, that whilst the magnetic field lifts the well known degeneracies as it increases from zero, it induces interquantal degeneracies ( often called Landau levels) as it approaches infinity, when the ion -electron or e − -e − interactions are excluded. The inclusion of such interactions completely lifts the induced interquantal and/or well known degeneracies and the magnetic field, in turn, retains its role in inducing transitions ( i.e., energy crossings and singlet -triplet spin oscillations). Section 4 is devoted for concluding remarks.
2 Hamiltonian models and PSLET recipe
Hamiltonian models
To a very good approximation, the harmonic oscillator describes the lateral confinement of electrons in some experimentally created QDs. The motion in the z -direction ( the growth direction) is always frozen out into the lowest subband [6, 28] . The confinement in this direction is assumed to be stronger than that in the xy-plane, and the dots, in effect, can be treated as twodimensional thin discs [6, 21] . Then the Hamiltonian of an electron in such a parabolic QD with a negatively charged ion center is very well simulated by
and that of two electrons in the same QD by
( in effective atomic units) with γ When a magnetic field B is applied perpendicular to the xy -plane, through the symmetric gauge A = (−y, x, 0)B/2, the Hamiltonians in (1) and (2), respectively, read
and
Where γ =hω c /2R * with the cyclotron frequency ω c , and γL z1 and γL z2 are the induced Zeeman terms. Obviously, Hamiltonian (4) is separable and can be recast as
where
which represent the center -of -mass (CM) and the relative -motion (RM) Hamiltonians, respectively. Here,
, and L ZR = −i∂/∂φ and L zr = −i∂/∂ϕ are the Z-and z-components of the angular momentum operators in the CM and RM systems, respectively. Effectively, the problem is reduced into two: a quasi -particle of the CM coordinate in a rescaled external field, and a quasi -particle of the RM coordinate in a rescaled external field and a rescaled repulsive Coulomb field (emerging from the electron -electron interaction). The cylindrical symmetry of the attendant problems invites the separability of the wave functions to obtain. Hence, the two -particle wave Eventually, Schrödinger equation for Hamiltonian (7) reads
where U nr,m (r) = √ rΦ nr,m (r), and n r and m are the radial and azimuthal quantum numbers in the RM system, respectively.
It is convenient to define the electron -electron interaction energies as
where E 0 (n r , m) = (2 n r + |m| + 1)Γ + mγ (10) are the energies of (8) without the Coulomb interaction. Then the total energies of (4) are
are the energies of (6), with N r and M the radial and azimuthal quantum numbers in the CM system, respectively.
Similarly, the ion -electron interaction energies are defined as
are the energies of (3) without the ion -electron interaction and E i (n r , m) are the eigenenergies of H i in (3).
PSLET recipe
In the underlying radical radial time -independent Schrödinger equation, in
the isomorphism between orbital angular momentum l and dimensionality Our recipe starts with shifting the angular momentum quantum number l in (15) throughl = l − β and use 1/l as a pseudoperturbation expansion parameter. Where β is a suitable shift introduced to remove the poles that would emerge, at lowest orbital states with l = 0, in our expansions below.
Hence, equation (15) reads
where Q is a constant that scales the potential V (q) at large -l D limit ( the pseudoclassical limit [30] ) and is set, for any specific choice of l D and k, equal information not only at q o but also at any point on q-axis, in accordance with
Taylor's theorem. Equation (16) thus becomes
with
It is then convenient to expand E k,l as
Equation (17), along with (18)- (22), is evidently the one -dimensional Schrödinger equation for a harmonic oscillator Ω 2 x 2 /2, with Ω 2 = 2B 2 , and the remaining terms in Eq.(17) as infinite power series perturbations to the harmonic oscillator. One would then imply that
Where q o is chosen to minimize E
Hereby, V (q) is assumed to be well behaved so that E
has a minimum q o and there are well -defined bound -states. Equation (26) in turn gives, with
Consequently, the second term in Eq. (18) vanishes and the first term adds a constant to the energy eigenvalues. It should be noted that the energy term
corresponds roughly to the energy of a classical particle with angular momentum L z =l executing circular motion of radius q o in the potential V (q o ).
It thus identifies the zeroth -order approximation, to all eigenvalues, as a classical approximation and the higher -order corrections as quantum fluctuations around the minimum q o , organized in inverse powers ofl. The next correction to the energy series,lE
k,l , consists of a constant term and the exact eigenvalues of the harmonic oscillator Ω 2 x 2 /2.The shifting parameter β is determined by choosinglE
k,l =0. This choice is physically motivated.
In addition to its vital role in removing the singularity at l = 0, it also requires the agreements between PSLET eigenvalues and eigenfunctions with the exact well known ones for the harmonic oscillator and Coulomb potentials. Hence
where primes of V (q o ) denote derivatives with respect to q o . Then equation (17) reduces to
Setting the wave functions with any number of nodes k as
equation (29) readily transforms into the following Riccati equation:
where the primes denote derivatives with respect to x. It is evident that this equation admits solution of the form
Substituting equations (32) - (35) into equation (29) implies
The solution of equation (36) follows from the uniqueness of power series representation. Therefore, for a given k we equate the coefficients of the same powers ofl and x, respectively. One can then calculate the energy eigenvalues and eigenfunctions from the knowledge of C m,n,k , D m,n,k , and a (n) p,k in a hierarchical manner. Nevertheless, the procedure just described is suitable for a software package such as MAPLE to determine the energy eigenvalue and eigenfunction corrections up to any order of the pseudoperturbation series (23) .
Although the energy series, equation (23), could appear divergent, or, at best, asymptotic for smalll, one can still calculate the eigenenergies to a very good accuracy by forming the sophisticated Padé approximation [22] [23] [24] 26, 32] 
to the energy series (23). The energy series is calculated up to E (18) k,l /l 18 by
and with the P 
Our recipe is therefore well prescribed.
Results and discussion
It is obvious, to a scaling factor, that Hamiltonians (3) and (7) bear the same form of a hybrid of Coulomb and oscillator potentials
Hence, equation (28) yields
and,in turn, equation (27) reads
Once q o is determined (often numerically) the coefficients C m,n,k , D m,n,k , and a In order to make remediable analysis of our results we have calculated the first twenty terms of our energy series. We have also computed the corresponding sequence of Padé approximants P of [6] . In addition we report PSLET results for 4d − , 4p − , 5d − , and 6f − states.
In figure 1 we plot the energies of an electron in such QDs, with γ d = 0.2, versus γ excluding the ion -electron interaction. Obviously, figure 1 shows that whilst the magnetic field "completely" lifts the well known degeneracies as γ increases from zero, it eventually introduces different degeneracies as γ −→ ∞. At high field limit the quantum levels tend to cluster around E i0 (n r , 0) levels and at γ = ∞ only s -states are feasible and degenerate through the prescription
( the limit of (14) as γ −→ ∞ for states (n r1 , m 1 ) and (n r2 , m 2 )). The inclusion of the ion -electron interaction, on the other hand, lifts the induced degeneracies (interquantal degeneracies, say) and the magnetic field, in effect, retains its role in inducing transitions [10] ( documented by the energy crossings in figures 1-4 ). Yet, the ion -electron interaction changes the level ordering and the spin of a specific state oscillates between s = 0, singlet, and s = 1, triplet ( often known as spin oscillation).
Next, we calculate the e − -e − interaction energies E ee (n r , m) for two electrons in QDs and compare them, in tables 2 and 3, with those reported by Zhu et al. [6] . They are in almost exact accord. We also display PSLET results for 4s, 4p, 5d, 4f, and 5g states. Figure 5 shows that E ee (n r , m)
increases with γ and the levels ordering is
etc. Table 4 This is evident from the exact energies, excluding e − -e − interaction,
Again, one observes the clustering of the quantum levels around E(n r , 0; N r , 0; 0)
states as γ −→ ∞ following a similar trend as that of (48) 
Concluding remarks
In this paper we have used our recently developed PSLET theory [22] [23] [24] [25] [26] [27] to study the magnetic fingerprints on the spectra of an electron in parabolic A general observation concerning the method used by Zhu et al. [6] is in order. We have already mentioned that the series solution method used by Zhu et al. is based on the asymptotically physical grounds of the wave functions in the regions 0 < r and r < ∞ ( i.e. r −→ 0 and r −→ ∞, respectively).
Effectively and obviously, the authors used the asymptotic behaviours of the wave functions at weak and strong magnetic field limits implicitly. In the weak field limit the wave function is dominated by a Coulombic character ( hence Coulombic like basis are used in equation (12) of [6] ) and in the strong field limit its dominated by a harmonic oscillator character ( hence harmonic oscillator like basis are used in equation (14) of [6] ). In fact, this is the only explanation, we could think of, as to why our results do not exactly agree with those of Zhu in table 2, for Γ = 0.4.
The conceptual soundness of our PSLET is obvious. It avoids troublesome questions pertaining to the nature of small parameter expansions ( weak or strong field limits), trend of convergence to the exact results ( marked in tables 1-5 and in [22] [23] [24] [25] [26] [27] ), utility in calculating the eigenvalues to sufficiently higher -orders, and applicability to a wide range of potentials ( provided that the potential V (q) gives rise to one minimum of E figure 6 including the e − -e − interaction. ) for γ = 0, including electron -electron interaction.
Zhu's results [6] are obtained by replacing the last j digits of our results with the j digits in parentheses. 
